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§83. Variables aléatoires discretes

x r<2| 2<zr<-1|-1<z<0|0<z<]l|1<z<2|x>2

1. =
F(z)| 0 3 : B 0 1
9
E(X)=-2(3) -1(1) +0(3) +1(3) +2(5) = 35
17
EX?) = (=2 G+ D3 +06) + O G) +@°(F) = 35
17 9\> 2639
X)=EX)—-[FEX)==—(—=) === =1.649%
Var (X) = B(X%) = [E(X)]" = 35 (40) 1600
23|11
2. () | | E(X) =4, E(X?) = 26,V(X) = 10
F(z)|0|3]3]1
5| —4]1]2
(i) | L E(X) =~ 1 E(X2) = 9.25,V(X) = 8.25
x —1]0/3
(iii) p=L1E(X)=2E(X? =Y V(X)=288
Z- 2146|810/ 12
3. () T T e = T E(XP) = 5 =60.7,00 = E(X?) — (1) =
P(i) 5|5 |5l6ls |o
11.7,0, = VI1.7 = 3.4
i 13
)|y = 2, B (V%) = 5,02 = B(XY) — (ue) = Lo, = 1
Py) | 53
; 3071115
(i) - 12]2 |1 ’“zzﬂx+ﬂy:9>E(Z2):%:957a‘7§:E(Z2)_
P(z) 51615 |s
(1:)° =14.7,0, = 3.8
Z- 216[10 122436
(V) T T T Hw = 15, B (W?) = B2 =359.3, 03, = B (W?)—
Pw) 55|15 |5 |5 |6
(uw)? = 134.3, 00 = 11.6

Ti 0O |1 |2 |3 |4 |5
4. T s To 115 EX)=25"Var(X) =292
P(wi) | 35| 36 | 36 | 36 | 36 | 36
; 2 1314|516 |7 (8 ]9 101112
; E(Y)="7"Var(Y)=>5.83
Py)| L2242 |8 2|42 ]|2 1
“) 1 3 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36
3 9
5. P(X =i)= (")(Eé’)i),z':o,1,2,3
3
T 0 1 2 3 g = WSa50s _ 3
4 7 4 220 4
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13.
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17.

18.

i 112] -5 . )
- T T 111 Hx = % + % — % = —;11 donc le jeux est defavorable pour le joueur.
Pz) |5 1la

i O(11(2|3 |4
< ,P{l<X <3 =1 Var(X)=196

1 1 1 1 1 2 2 10
Plx) | 5|5 |2] 5|
L4 2 10 5 10 10

T r<l|1<r<3|3<r<4|4<r<6|6<Zxr<p|x>9
F (x) 0 2/10 4/10 5/10 7/10 1

00 00 C 00 1 2
Zk:lP(X:k):Zk:1ﬁzczk=lﬁ20—:1:>c:%

E(X)=>,2,kP(X =k) =532, ; quila series harmonic qui diverge.

i 1| 2 3 4 5 6
P(z;) | & 25| 545 [ 5485 | 54325 54321
¢ 2 109 1098 10987 109876 109876

@ P(X=2)=(3) (3" 1) =25

M P(X>1)=1-P(X=0=1-()(3)"'})'=2

@ P(X>2)=P(X=3)+P(X=4=() "D+ A" 1) =y
(@) X ~ B(10,0.1)

(b) E(X)=np=10x0.1=1etVar(X)=npg=10x0.1x0.9=0.9
@ P(X<1)=P(X=0)+P(X=1)= (") (0.1)"0.9)"+ () (0.1)' (0.9)° = 0.7361
(d) Puisque p = 0.1 est petit on peut approximer X = B (10,0.1) ~ Y = Poi(1).

PX<D)a~PY<)=PY =0+P(Y =1)=c'X 4 e1L =21 x0.7358
0! 1!

(@ P(X>3)=1-P(X<2)=1—e38 _¢383 _ 32 _1_ 17,73 5 (.5768
0! 1! 2! 2

() P(X >3X >1)=£020 _ 2 (6070

P(X>1) I—e3
X est une Bernoulli avec p = . F(X) =p = 1 et Var(X) = pg = 2.
(@ X = B(7,1), P(X>2) = 1 P(X<1)=1-PX=0-P(X=1)=1-

O G2 = (0 (2) (2)° = 84 ~ 05550

(mszw=1=HX=m=L%®®%®“ﬂ—@V

v

2 —In3
39N 2 pena 4

Soit X ~ B(n,p) une variable aléatoire suivant la loi bindmiale. Demontrer que
E(X)=np etVar(X)=npq.

My (1) E () = o e (1)rtq™ = 25 (1) (ve)* ¢"F = (pe' +q)"
M (t) = npe (pe' + )" et M (0) = E(X) = np
MY (t)  =n(n—1)(pe")? (pe' +q)" >+ npe' (pe' +¢q)" et

(

MY%(0) = E(X?) =n*p? —np®+np
) = E(X?) — [EX))? =n?p? —np®+np—n?p? =np(l —p) = npg
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X=DB(83) n=m=8x1PX=49= 1) () =&

X=B(10,1),P(x>7)=12 () (1)’ =L =01719

X = B(1000,0.0014)
P(X >2)=1-P(X <1)=1-("%) (0.0014)" (0.9986)'*— (*%%) (0.0014)" (0.9986)** =
0.4083

(a) 1 per/ min = 2.5 per / 5 min donc X = Poi (2.5), P(X =0) = e 25 = 0.0821
b b

(b) P(X>4)=1-P(X<3)=1—¢25 (1 +2.54 @4 (2’65)3) — 0.2424

X =B(5,0.3)

(@) P(X =0)=(2)(0.3)"(0.7)° = 0.1681
() P(X =5)=(])(0.3)°(0.7)° = 0.0024
© p=np=5x03=1.5

Soit X ~G(p), P(X =k)=p¢" 1 k=1,2,3,...

@ P(X>n) =302, 00" =pi =¢"=(1-p)".
(b) Fln)=P(X<n)=1-P(X>n)=1-—(1-p)".

PX>ntm) (L=p)"™™ 0 pix s,

(© P(X>n+m|X >m)=

P(X >m) N (1—p)
” oL o e o
Mx (t) = E(etX) =% ethe /\E =% e k!) — e eret — A(ef-1)
MY () = At 1) = 2 UH et My (0) = A
M2 (1) =AM (et + 1), et MY (0) = A(A+1).

Var (X)=E(XY) —[EX)]P=A\+1) =2 =\

Soit X1, Xs,..., X, desva.i. et X; ~ P ()\;) (poisson avec parametre \; ) et X = >  X,.
=1
Trouver la fonction génératrice de moment de X. Quelle est la loi de probabilité de X7

My (t) = E (e'X) = E (efXtXet-4Xu)) = B (etX1) E (e!X2) ... E (e!X7) parce que les
variables sont indépendantes. Donc on aura

My (t) — eAl(et*I)eAg(etfl) L e)\n(etfl) _ 6(/\1+)\2+...+)\n)(et,1) _ e(A)(etfl)

ou = A+ A+ ---+ \,. On voit que fonction génératrice des moments de X est celle
d’'une poisson avec parametre A = A\; + Ay + - - - + \,,.

)\k
Considérons la fonction f () = e‘Ay, A>0.
)\k k)\k_l e—>\ .
ff\)=—e P 4e? = — N1 (-\+k)=0quand A = k. f'>0quand A < k

k! k! k!
et f/ < 0 quand A\ > k qui nous donne un maximum quand \ = k.
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